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Abstract. We derive several symmetric identities for Bernoulli and Euler 
polynomials which imply some known identities. Our proofs depend on 
the new technique developed in part I and some identities obtained in 
[European J. Combin. 24(2003), 709-718]. 



1. Introduction 

Bernoulli polynomials B n {x) (n = 0,1,2,...) and Euler polynomials 
E n (x) (n = 0, 1, 2, . . .) are defined by power series 



2e xz 
e z 4 - 

n=0 n=0 



- = y^B n (x)— and — — - = V E n {x) — . 
1 *— ' n\ e z + 1 ^— ' n\ 



Those B n = B n (0) and E n = 2 n E n (l/2) are called Bernoulli numbers 
and Euler numbers respectively. Here are some well-known properties of 
Bernoulli and Euler polynomials (cf. [SI]): 



B n (l -x) = (-l) n B n (x), B n (x + y) = J2 {t) Bk{x)yn ~^ 

k=Q ^ ' 

E n (l -x) = (-l) n E n (x), E n (x + y) = J2 (f\E k (x)y n - k . 

i — n V / 



k=0 

Also 



'i 

.n-1 



A(B n (x)) = nx n ~ L and A*(E n (x)) = 2x 7 
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where A(f(x)) = f(x + 1) - f(x) and A*(/(x)) = /(a; + 1) + /(x). (A 
is usually called the difference operator.) For n E Z+ = {1,2,3,...}, we 
also have B' n {x) = nB n _i(x) and E' n (x) = nE n _i{x). 
In 1979 C. F. Woodcock [W] discovered that 

A m — i,n — A n -i m for 

m, n E Z + where 



Am,n — — ^2 ( fc) (~^ k Bm+kBn-k- 
71 k=l ^ 7 



In 2003 the first author [S2] obtained the following result concerning 
Bernoulli and Euler polynomials. 

Theorem ([S2, Theorem 1.2]). Let m 7 n E N = {0, 1,2,...} and x + 
y + z = 1. Then 

fc=0 v 7 fc=0 v 7 

= (m + „ + !)(-+») 

and 

(-!) m E (?)^ m " feS n +fc (y) = (-I)" £ 

fc=0 ^ 7 fc=0 ^ 7 

t4/so, we can replace all the Bernoulli polynomials in the last two identities 
by corresponding Euler polynomials. 

In part I ([PS]) we obtained polynomial versions of Miki's and Matiyase- 
vich's curious identities for Bernoulli numbers, the new method developed 
there involves differences and derivatives of polynomials. 

In this paper, by using the technique in part I, we will prove some iden- 
tities (for Bernoulli and Euler polynomials) related to both Woodcock's 
result and Theorem 0. 

Here is our central result in this paper. 

Theorem 1. Let m, n E N and x + y + z = 1. Then 

/ m\B m _ k+1 (x) B n+k+1 (y) 



(-d-E I 



k=0 

n 



m — k + 1 n + k + 1 



1 ' ^\k) n-k + 1 m + k + 1 , 1N 

k=0 / yi.) 

( _ 1)m+n +i B m+n+2 (x) B m+1 (z) B n+1 (y) 



(m + n + l)( m + n ) m + n + 2 m + 1 n+1 
| B m+n+2 (y) | S m+n+2 (^) 



m + 1 m + n + 2 n+1 m + n + 2 
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Also, 



_ (-l) m+n+1 E m+n+1 (x) E m (z)E n (y) 
(m + n+l)( m : n ) 2 

and 

(_!)"• ™/ m \ E„ +t+1 (y) 

— L^jw.)-^ 

^V&Jn-&; + l m + k + 1 

k=0 x 7 

(~l) m+n i? m+n+2 (x) (-1)" E m+n+2 (z) 

(m + n + 1) ( m + n ) 'm + n + 2 n + 1 ' m + n + 2 

1 (T) F / x gn+fc+2y^) 

fc=0 V k ) 

Remark 1. Fix y and replace z in (1) by 1 — x — y. Then, by taking 
differences of both sides of (1) with respect to x, we can get the first 
identity in Theorem 0. Similarly, other identities in Theorem are also 
implied by Theorem 1. 

Clearly (1) has the following equivalent form: 

( _ 1)m m+i , +1 x ,B n+1+k (y) 



(3) 



to+ TM k B ^-^- n + l + k 

k=0 

(-1)" ^ /n+l\ R B m+1+k (z) 

+ ^ttL,{ k ) B ^- k ^ m +i+k 

(_l)m+n+i TO , n! B m+1 (z) B n+1 (y) 



[in ■ ii ■ 2)! " m + 1 n+1 

So, if m, n e Z + and x + y + z = 1, then we have 

tin £ M Bm _ t(x) ^M + <zir £ 

m \k J n + k n \k I m + k 

i — n \ / i — n \ / 



k = ' k=0 

(-lf+>-l)!(n-l)! D g m (z) B n (y) 

(m + nj! m n 



(!') 
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Corollary 1. Let x + y + z = 1. Given m,n G Z + toe /icwe £/ie following 
identities: 



and 



i - J ^T,( r ?)B m -k(x)B n _ 1+k (y) - BMB^y) 
m ^-^ \k m 

k=o v 7 

= tW£(fl Bn - k (x)B m - 1+k (z) - ^-B^z), 
m f \ 

i-^H UP— k(x)Bn+M - jE m _ 1 (z)E n (y) 

fc=0 ^ ' 

= (-^Yl (t)E n _ k {x)B m+k {z) - ^E n ^z)E m {y) 
fc=0 ^ 7 

(_l)m A7A 

( fe )^m-fc(a:)^„-i + fc(y) 

fc=0 ^ 7 

= — E (l)B n - k (x)E m+k (z) - ^E m (z). 



(4) 



(5) 



(6) 



Proof. Replacing z in (1') by 1 — x — y and taking partial derivatives 
with respect to y, we then obtain (4) from (1'). Identity (5) can be easily 
deduced from (2) by taking partial derivatives with respect to y. Similarly, 
(6) follows from (3) with n replaced by n — 1. □ 

Corollary 2. For m,n G Z + we have 

A- m — i,n(t) = An—i,m(t) and C TOjn (£) = C njm (t), (7) 

where 



1 n fn\ 

A m ,n(t) = -J2 ( n k )(-l) k B m+k (t)B n - k (2t) - B m (t) 



End) 



k=0 

and 



n 



C m ,n(t) = E ( n \-^) k B m+ k{t)E n _ k {2t) - ^E^E^t). (9) 

fc=0 ^ ' 



Proof. Just apply (4) and (5) with x = 1 — 2t and y = z = t. □ 
Remark 2. The first equality in (7) is an extension of Woodcock's identity. 
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Corollary 3. If to, n G Z + then 

to f— ' V k I n + k 

k=o v 7 



(10) 

"t(;)(-') t (1 '^ ^ 

k=i v 7 

Proof. For Z G N it is well known (cf. [SI]) that 

S I (x) = r ^-(s l+1 (x)-2'+ 1 S i+1 (|)) 1 

thus (-1)^(1) = £,(0) = 2(1 - 2 l+1 )B l+1 /(l + 1). Applying (6) with 
x = 1 and y = z = and replacing to by to — 1, we then obtain (10). □ 

Corollary 4. For any to, n G Z+ we /jewe 



m 

' TO 



k =° J (ii) 

2 m+l » /„\ (1 - 2-+ fc + 1 )S m+fc+1 



W™W-2^)B n _ fe 
fc=i ^ 7 



// ,\k) ' /;/ - /.• • 1 

fc=i x 7 

Proof. Take x = y = 1/2 and 2 = in (6), and note that B n (l/2) = 
(2 1 ~ n - l)B n (cf. [SI]) and also (-l) n B n = B n unless n = 1. □ 

Theorem 1 will be proved in the next section. In the proof we use the 
technique developed in [PS] together with Theorem 0. 

2. Proof of Theorem 1 

To prove Theorem 1, we need two lemmas. 

Lemma 1 ([PS, Lemma 2.1]). Let P(x), Q(x) G C[x] where C is the field 
of complex numbers. 

(i) We have 

A(P(x)Q(x)) = P(x + l)A(Q(x)) + A(P(x))Q(x) 

and 

A*(P(x)Q(x)) =A(P(x))Q(x + 1) + P(x)A*(Q(x)) 
=P(x + l)A*(Q(x)) - A(P(x))Q(x). 

(ii) // A(P(x)) = A(Q(x)), then P'{x) = Q'(x). If A*(P(x)) = 
A*(Q(x)), then P(x) = Q(x). 
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Lemma 2. Let a<o, ai, . . . &e a sequence of complex numbers, and set 



for I = 0, 1, 2, . . . . Then, for any m,n£N, we /iawe 

n\ ^ m+fc+1 ~ A m+n+1 (y) 



E 

A;=0 



k J m + k + 1 



A n _ k (y) + (-iy 



(m + n + l)( m + n ) 



= E 7 ^(- 1 )' C - 

fc=0 I fc / 



n + fc + 1 



Proo/. By [S2], = (n+l)A n (t) and 



^ Q = A n (y + z). 



Therefore 



jf * m E (fc) ^-fc(l/)* fc dt = jf + t)dt 



A n+l (y + t) 

71+ 1 

_ t m A n+l(y + t) 

n + 1 



TT f t m - l A n+1 {y + t)dt 

n + l Jo 



t=o n 

x m t^A^jy + t) 

t=o n + 1 n + 2 



X 



t=0 



m m — 1 f x ™ 9 . . . , 
n + 1 n + 2 J 



■^- fc A n+fc+1 ( ?/ + t) 



fr l J (n+l)...(n + fc + l) 

EC 11 fc ^ m-fc ^n+fc+l(^ + y) _ /_i\m_D_ ^m+n+l(j/) 
1 ' ( n + k ) ' n + k + 1 { ' ( n+m ) ' m + n + 1' 

k=0 V k ) V m ) 

This proves the desired identity. □ 

Proof of Theorem 1. We fix y and view z = l- x- j/asa function in x. 
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Let P m ,n{%) denote the left hand side of (1). Then, with the help of 
Lemma 1, A(P m n (a:)) coincides with 



m / \ 



B m -k+i(x) \ B n+k+1 (y) 



m — k + 1 J n + k + 1 



k B m+k+1 (z) 



m + k + 1 



+ (my ( U \a( Bn - k +^ . B m+k+l(z 

\n-k+l m + k + 1 

^-"™e :)-'-'^ + <-')"E(i) 

fc=0 v 7 fc=o v 7 

+ VY™^ + 1) _ £ m+fc+ i(z ~ 1) - B m+k+1 (z) 

f-^\k) n-k+1 m + k + 1 

k=0 

In view of Theorem and the above, 



A(P m , n ( X )) {m + n + 1)( rn+^ 



= (_rr+i _ m ^ + 1 + ^ _ _ _ 

n + 1 

= ((-ir +1 B n+1 (l - y) - (1 - .r 1 ) 

n + 1 

=(-ir(x + 2,r^^ - + yr +n+i . 

71+1 71 + 1 

Therefore A(P m>n (:r)) = A(Q m>n (x)), where 
( _ 1)m +n+i S m+n+2 (x) 



Qm,n 



(m + n + l)( m + n ) m + n + 2 

+ / ^m gm+lC^+y) . g n+l(y) _ (~l) m _ P m +n+2 + ?/) 

m+1 n+1 n+1 m+n+2 



By Lemma 1(h) we must have n (x) = Q^ n (a;). 
It is easy to see that 



+ {-l) m B m {x + y)^^- - { -^-B m+n+1 (x + y) 

71+1 71+1 

(-ir +n+1 B m+n+1 (x) ,. B n+1 (y) (-IT o M 

+ B m {z) — 1 — B m+n+ i{z). 



(m + n + l)( m + n ) v ' n+1 n+1 
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Also, 



,-i)"(p;,„,,)-(-i)-"g(;> m -,W^M 

i:(:)(">^-f^w)) 

Yl [k-i) Bn - k+1 ^ 
k=i v 7 



B m +k(z) S m _|_ n _|_i(z) 



m + k m + n + 1 
S n+ i(x) , . sr^f n \ m + k B m+k (z) 



M B ,„ W _W")^i^ B „_ t+l(l ): 
n + 1 \k J n — k + 1 m + k 

k=l x 7 

S m+n+1 (z) S n+1 _(aO A B m+k (z) 

i mlzJ m ^w 

fe=l v 7 



to + n + 1 n + 1 ,\k) n — k + 1 m + k 



where in the last step we note that n _^ +1 = for fe = 1, 2, . . . , n. 

Observe that Pm+i, n ( x ) coincides with 

-Dm+n+2{Z) 



( _ ir+1 E f" + 1 )w»)%# + H) 

^-^ \ k / n + k + 1 m + n + 2 

k=Q x ' 
( i\n f _ , i N \^ AA -gn-fc+lCg) ffm+fc+l(» 

1 J lm + iJ 2^^ n-fc + l ' TO + fc + 1 

fc=0 x 

On the other hand, Q' m +\ n (x) equals 

(-l)m+n Bm+n+2 ^ B m+1 (z)B n+1 {y) + {-l) n B m+n+2 {z) 
(m + n + 2) ( m+ ™ +1 ) n+1 

Now it is clear that the equality Pm+i,n( x ) = Q'm+i,n( x ) yields (!)• 

Next we come to prove (2). Let L(x) denote the left hand side of (2). 
Then 

A«(L W ) =(-!)- £ (7) A>( Mx ))^f±M 



k=0 

n 



+ (-i)»e(:)a-(^, 



c ^ B m+ k+i(z) 
m + k + 1 
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Applying Lemma 1 and the first identity in Theorem 0, we then obtain 
that 

A-( £W )=(-l)-»g(^2x"-'^±iM 

k=0 v 7 

_L I l\nX^( n \l? (rr. I ^ gm+fc+lyg ~ 1) ~ B m+k+1 (z) 

+ (-!) 2.y^- fe (^ + i) m + fc + 1 

= ( J|;^r) " ( " 1) " u "™ J+1+z " 1) 

2(_ r \m+n+l 

=(^TTjm-(- 1)m ^ + ^ B "» 

Therefore 

In view of Lemma 1(h), we have 

(m + n+ 1)( ^ J 2 

which is equivalent to the desired (2). 

Finally let us turn to prove (3). Let f(x) denote the left hand side of 
(3). By Lemma 1, 



n + A; + 1 



1 J ^\k) \n-k+l m + k + 1 ) 

fc=0 

=(-iri:(:} 



|x m-fc ^w+fc+l(y) 

?i + &; + 1 

^m+fc+lQ 

m + fc + 1 



_i_ (~i) n ^2 ( n \x n ~ k Ern+k+1<yZ ^ 

k=0 ^ 7 



^\k) n-k + 1 m + k 

fc=0 x ' 



m+fe+l 
fc + 1 
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In view of the first identity in Theorem with Bernoulli polynomials re- 
placed by corresponding Euler polynomials, we have 

A*(/(x)) = r-r^ + ^ 2R 

where 

'n + l\ , ^(z-l) m+k+1 



R = J2( nJ [ 1 )B n+1 _ k (x + l) 

fc=0 ^ ' 



m + k + 1 



(* - l) m+n+2 _ ( _ 1)ro B m+n+2 {x + 1) 



m + n + 2 v ' (m + n + 2) ( m +" 1 +1 ) 

, u) / i\fc/_ _ 1 ^m-fc B n+k+2 (x + 1 + z - 1) 

+ 2^ (n+i+k^ L > \ z L > n + k + 2 

k=0 \ k J 

by applying Lemma 2 with a k = (— 1) f?fc. Therefore 

AVfM1 _ y (?) 2(,-ir- fc i? n+fc+2 (y) 

^( n+ fc +1 )' ri+l 'n + k + 2 

(-1)-+- / 2i? m+n+2 (x + l) _ xm+n+1 
(m + n + l)( m + n ) V Tfi + n + 2 
(-l) n 2(z-l) m+n+2 
n+1 m+n+2 

Let 5f(x) denote the right hand side of (3). Clearly A*(g(x)) also coincides 
with the right hand side of the last equality. Thus A*(/(x)) = A*(g(x)) 
and hence f(x) = g(x) as desired. We are done. □ 
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